University of Nevada, Reno RECO 710 Microeconomic Theory I

MCWG Exercise 5.B.2. key by Prof. Kilkenny
PROVE “A production set satisfies constant returns to scale iff the production function is homogeneous
of degree 1.”

“Suppose that f{) is the production function fl)=¢g: R"'> R
associated with a single output technology and Y
is the production set of this technology...” Y={y=(z,9):q<f(z) & 2> 0}

Claim: Y displays CRS iff f{z) is HMG"1.

Let “Y is CRS” be statement “A” and “f{z) is HMG °1 ” be statement “B”
We have to show A <>B. We will do this in two parts: show A=B then B= A.

First Half: Y CRS = f(z) HMG"1:
YCRS= VyeY &a>0,ayeY

Y=(29) =(2f2); oy=(az aq)
and by the transformation function that defines Y, aqg = af(z) < flaz)

The production set includes its boundary, so (-az, flaz)) =y’ € Y.

ByYCRS,Vy eY &B>0,py €Y
y' =(-0z, flaz)); Py’ = (-paz, pf(az))
and by the transformation function that defines Y, ff(az)< f(foz)
letting S = I/a we have (1/0)f(0z) <f(Z)
multiplying both sides by a: flaz) < of(2)

Thus we have that af(z) < flaz)
and af(z) > floz)
which means of(2) = flaz)
which shows that f(z) is HMG’1.
In sum, Y CRS = f(z) HMG°1.

Second Half: fiz) HMG*1=Y CRS
As before, y &y’ =(-0z,f(az)) € Y ;
f(z) HMG°1 = V 020, floz) = af(2)
and thus Y’ =(-az,f(az2)) = (-az,af(2)) = (-az,aq) =0y, so ay €Y
that is, Y satisfies CRS.
In sum, f(z) HMG°1=Y CRS.

First + Second Halves together give: Y CRS <> f{z) HMG"1.



